This paper deals with Schauder decompositions of Banach spaces X u of 2n-periodic functions by projection operators P k onto the subspaces V k , k = 0,1 which form a multiresolution of Xy,. The results unify the study of wavelet decompositions by orthogonal projections in the Hilbert space Z,J, on one hand and by interpolatory projections in the Banach space C^ on the other. The approach, using "orthogonal splines", is constructive and leads to the construction of a Schauder decomposition of X,, and a biorthogonal system for X2, and its dual X\,. Decomposition and reconstruction algorithms are derived from the construction.
Introduction
For 1 < p < 00, let L£, be the Banach space of all complex-valued 27i-periodic measurable functions / defined on R such that ||/||,, = (•%/* \f{x)\ r dx)
x " < 00, C^ be the space of all continuous complex-valued 27i-periodic functions on R and X^ denote either L^ or C 2n . More generally, let B c L^, be a homogeneous Banach space on T = [0,27t] (see [8, pp. 14-15] If MR1-MR3 are satisfied, we shall call {^} fe0 a multiresolution of B. We shall also say that <p k , k > 0, generate a multiresolution of B. The functions <p k will be called scaling functions.
Multiresolutions and wavelets in Hilbert spaces, for instance, L 2 (R) and L 2 U , are associated with orthogonal projections onto the multiresolution subspaces V k (see [3, 6, 9, 10, 13, 14] ). For each k, the orthogonal projection P k f of a function / in the Hilbert space is the least squares approximant of/. The orthogonal projection operator P k also gives rise to the orthogonal decomposition V M = V k ® L W k where V k _L W k . One of the main problems in the study of wavelets is the construction of orthonormal bases for the orthogonal subspaces W k . The entire collection of the orthonormal wavelet bases for W k , k = 0 , 1 , . . . , then forms a wavelet basis for the Hilbert space.
Whereas the least squares approximation is a convenient and efficient way of approximating functions, interpolation is very often more desirable in practice. Interpolation operators are projection operators. For a multiresolution of the space C U (R) of bounded uniformly continuous functions on R, an interpolation operator I k : C B (R) -> V k decomposes V k+i into an algebraic direct sum V k+1 = V k © W k where V k n W k = {0}. In this case the interpolating wavelet bases for the algebraic complements W k have been studied by Micchelli [12] , Donoho [7] and Chui and Li [2] .
The natural setting for the study of multiresolutions and wavelet bases on Banach spaces appears to be the decomposition of the multiresolution subspaces by projection operators. A bounded linear operator P on a Banach space X is a projection if P 2 = P. Associated with P is the direct sum decomposition X = V © W, where V := PX and W := Ker(P), and VnW = {0).
Let {V k ) ki0 be a multiresolution of X^. For it = 0 , 1 , . . . , let P k : X 2n -> V k be a projection onto V k and let
The main object of this paper is the characterization of projections P k , k > 0, so that W k have wavelet bases and constitute a Schauder decomposition of X ln . It unifies the study of wavelet decompositions by orthogonal projections in the Hilbert space L^, on one hand and by interpolatory projections in the Banach space C 2n on the other. The approach is constructive and leads to the construction of a Schauder decomposition of X^ and a biorthogonal system for X^ and its dual X^. We begin in Section 2 by studying the shift-invariant subspaces V k in the more general setting of a homogeneous Banach space B on T. It is shown that U* >o l^ is dense in B if and only if [neZ: 4> k (n) = 0,k>0} = {neZ:e n f!B}, where e n {x) = e!**. Section 3 gives a brief description of the construction of scaling functions <f> k and the corresponding basis
The projection P k is represented by a sequence of bounded linear functionals €^, 7 = 0,1 2*-l, viz.
7=0
where [v kJ , v* kJ : j = 0 , 1 , . . . , 2* -1} is a biorthogonal system, i.e.
fay. »fc> = « w . J.* = 0 , l 2 * -l .
Under the assumption that^
the functionals ujj,; = 0 , 1 , . . . . 2* -1, and the adjoint shift operators, 7J* = T k~l , enjoy the same properties as v kj and T k . These are studied in Section 4 where it is also shown that if {P k }k>o is uniformly bounded and satisfies where l/p+l/q = l. A judicious approach in the construction of the wavelets {iM*>o and {^} t > 0 from the multiresolutions {V k } k > 0 and {P£h> 0 respectively, gives a biorthogonal system {{0o. T?**>. {^. ^iVn : fe = 0,1. • • •, I = 0,1 2* -1}.
The Schauder decomposition of X lK and the bases for V k and W k lead to decomposition and reconstruction algorithms. They are derived in Section 7. The paper concludes with two examples, one is on multiresolutions of L^ in which the Schauder decomposition is accomplished by the least squares approximation operators, and the other is on multiresolutions of C & in which the decomposition is achieved by the interpolatory projections.
Shift-invariant subspaces in B
Let B be a homogeneous Banach space on T. Let S be a finite-dimensional linear subspace of B and suppose that there is a function 4> e B such that The following result gives some equivalent conditions for MRl. (ii) [VJ :j = 0 , 1 , . . . , 2* -1} is linearly independent.
(iii) v, ? 0for j = 0,1 2 * -l .
(iv) For each) = 0,1 2* -1,
for some p € Z.
Proof. The equivalence of (i) and (ii), and the implication (ii) =• (iii), are obvious. The equivalence of (iii) and (iv) follows from the observation that for ; = 0,l 2 * -l , Therefore,/ e V = • 7] B / e K. Now for any t e [0,2n), there is a sequence {£"} with terms of the form (2.4) converging to t. It follows that f e V = » T,f e V. If/ e V and {/,} is a sequence in F converging to / , then T t f n e V for all n, and since T t is a bounded linear operator on B, it follows that TJeV.
• Proof. We first remark that if / e H and g € L^, then the usual convolution / * g off and g as L 1 -functions is an element of H. The proof of this fact follows from a slight modification of an argument in [15, p. 128 ], and will be omitted here.
If n 4 Z(H), then/(n) ^ 0 for some/ in H. Since f(n)e n =f * e n , by the above remark, (2.7)
Proof. By Lemma 2.1, V is translation invariant. Applying Lemma 2.2 to V and B, V = B if and only if Z( V) = Z(B), which is equivalent to (2.7).
• Proof of Theorem 2.1.
3), and by Lemma 2.3, it suffices to note that f][n e Z :/(n) = 0} = {n e Z : $ k (n) = 0, for all k > 0}, which follows from the representation
Construction of scaling functions
The idea in the construction of scaling functions which generate a multiresolution of Xfr is the same as that in [9] . We shall omit these details which can be found there.
Our starting point is a family of periodic sequences h k € 5(2*), k > 1, satisfying the following conditions:
for some e > 0 and for all n e Z, and
FT I /--\ -^ i /-a i\ u^nj .= I i n t {ji), n t £J.
\^-^)
Condition (3.1) implies that if h t (n)^0 for l>k+l, then the infinite product in (3.3) converges to a nonzero number. In fact, for a fixed n, h t (n) > 0 for all sufficiently large I. Hence a k (n) > 0 for all sufficiently large k. Because of this, it is reasonable to further assume that for k > 0, h t (n) > 0 for all I > k + 1, and for all |n| < 2*"'. (3.4) This implies that
7)
and for j = 0,1 2* -1,^'
Proof. Condition (3.1) implies that for each n e Z, there is an integer m such that a m («) ^ 0. Writing = ( fl V=m+1 and taking limit as k -*• oo leads to (3.6). The relation (3.7) follows directly from (3.3).
The left inequality in (3.8) follows from (3.4) and (3.5). The inequality on the right of (3.8) follows by a similar argument as in [9] . Q 
Multiresolution and projections on XL
et X be a Banach space and X* denote its dual. Associated with a projection operator P : X -*• X is the direct sum decomposition A" = V © W, where
We shall also call P a projection on V. If V is a finite-dimensional subspace of X and {»,, Here, (, > denotes the dual action of the functionals, i.e.
where J : X -*• X" is the natural embedding of X into X**. Suppose that {J»} t > 0 is a multiresolution of X^ generated by <f> k , k > 0. Condition MR2 gives the scaling relation
which is equivalent to (ii) {/j: j = 0 , 1 , . . . , 2* -1} is linearly independent. 
(iii) Ker(PJ c Ker(P t )/or k < m. which is equivalent to (iv) since 1=0 .
• For each k = Q,l,..., P k \ Vk+i is also a projection on V k . Let The following result may be deduced from the theory of bases in Banach spaces (see [11] ), but we shall give a direct proof for completeness. In either case, g k+l satisfies (5.6) and (5.7), which implies (i) by Proposition 5.1. The equivalence of (ii) and (iii) follows directly from the representation (4.15).
• 
Dual multiresolution and adjoint projections
Suppose that {V k } kif) is a multiresolution of X^ generated by the scaling functions <t> k and let P k : X^ -*• V k , k = 0 , 1 , . . . , be a sequence of projection operators on V k . Henceforward, we shall assume that P k ,k>0, satisfy (4.19), (4.28), (4.29) and (5.9). Because of (5.8) we define h* M e <S( Proof. By Proposition 4.4,
We also have another direct sum decomposition By Proposition 4.3, W m c Ker(P t ) for all m > k, and so fc0>+ k
It is also convenient to write the equations (5.15) and (5.16) in the following forms which show the duality: 12) for; = 0,l 2 k -l . Note that the projection operator P* k : XW -*• V^ corresponding to the bounded linear functional v kj € X£, j = 0 , 1 , . . . , 2 k -1, defined by j * K / . 9 ' e^, , (6) (7) (8) (9) (10) (11) (12) (13) is the adjoint of P k . Indeed, if/ e X%, and g* e X^, then By (4.13), {vljj = 0,1 2 * -l } is linearly independent. Hence {Tift : £ = 0 , 1 , . . . ,2* -1} is a basis for Vf. Therefore MR1 is satisfied. The condition MR2 follows from (6.9), and MR3 for Y£, follows from the definition (6.14).
To prove (6.15), take any / e L p 2n . Then (4.28), (4.29) and the MR3 condition for
Thus P* k g* converges to g* weakly. Hence U t > 0 J£ is weakly dense in L\ n . Since U t > 0 V7 is convex, it follows that it is also strongly dense in L^.
• equivalently,
J=o
The functions tj/ k and i//* k which generate wavelet bases for W k and W k * are obtained from the sequences g k+l and g* k+l which satisfy the general conditions (6a), (6b) and (6c), (6d) respectively. We shall show that a judicious choice of g k+l and g* k+l produces functions ip k and ip' k which generate a biorthogonal system. Proof. It is straightforward to verify that g k+l and gl +l defined by (6.22) and (6.23) satisfy (6a), (6b) and (6c), (6d) respectively. The relation (6.24) follows from (6.22), (6.23) and (6.11) .
• which implies that c = 0, a contradiction.
• Solving the linear system (7.6) and (7.7) gives u* -x / 2 V , Q + 2»)
If 9k+i a n d gl+i satisfy (6.22) and (6.23), then using (6.11), the expressions in (7.8) and (7.9) simplify to give (7.10) Suppose that for k = 0 , 1 , . . . ,f k+l e Vi +1 , and that
where and s k , t k € 5(2*). Then a familiar argument leads to the following frequency-based reconstruction and decomposition algorithms (see [9] ):^l The corresponding wavelets \ji k are obtained from g k+ i using (5.1). Note that the sequences g k+l and hence the corresponding wavelets constructed in [9] are special cases of (al) and (bl) above. 
Interpolatory projections and multiresolutions in

M°) '
for j = 0 , 1 , . . . , 2* -1. The values ^ and ^+2»j are both nonzero. By our construction, we let g k+t (j + 2*) be an arbitrary nonzero number and set Then the corresponding wavelets ij/ k are obtained from g k+1 using (5.1). This is the periodic analogue of the interpolating wavelets studied in [2] , [7] and [12].
Remark 3. After the completion of our paper, it was brought to our attention the existence of [1], [4] and [5] where the abstract theory of multiscale projections, which overlaps with part of our paper, was treated in more generality. Our approach makes use of orthogonal bases of "orthogonal splines" which simplifies the analysis in the periodic case.
